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Abstract 
Barr, M., Terminal coalgebras in well-founded set-theory, Theoretical Computer Science 114 (1993) 
299-315. 
This paper shows that, in order to obtain the theorem of Aczel and Mendler on the existence of 
terminal coalgebras for an endofunctor on the category of sets, it is entirely unnecessary to delve into 
such exotica as non-well-founded set theory. In addition, we discuss the canonical map from the 
initial algebra for an endofunctor on sets to the terminal coalgebra and show that in many cases it 
embeds the former as a dense subset of the latter in a certain natural topology. By way of example, 
we calculate the terminal coalgebra for various simple endofunctors. 
0. Introduction 
Let T be an endofunctor on a category %?. A T-coalgebra in %? is a pair (C, 
tj : C+ TC). A morphism f:(C, $)-( C’, $‘) is a morphismf: C-+C’ such that 
/ I I TJ 
Cl-----+ TC’ 
*,’ 
commutes. This defines a category called the category of T-coalgebras and denoted 
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It should be noted that this terminology and notation do not conflict with those of 
coalgebra for a cotriple T = ( T, E, 6) in which the category %YT of T-coalgebras is a full 
subcategory of VT. 
Let Set and SET denote the categories of small sets and of classes (or large sets), 
respectively. Let T: Set+Set be a functor. The existence of a terminal coalgebra for 
this functor is of interest in theoretical computer science in connection with bi- 
simulations. A brief discussion and further reference may be found in [l]. A theorem 
guaranteeing a terminal coalgebra in general will also guarantee a right adjoint to the 
forgetful functor Set T-tSet (Theorem 1.2). 
Aczel and Mendler [l] show in their cited paper, using Aczel’s theory of non- 
well-founded sets, that, for any functor T: Set-Set, the category SetT has a terminal 
coalgebra in SETT (it is also terminal there). What they actually show is that any 
functor T:SET+SET that is “Set-based” has a terminal coalgebra, but that is 
equivalent. For a Set-based functor on SET is simply one that leaves Set fixed and 
whose value on a large set is the colimit of values on the small subsets of the given 
large set. But this means that it is just the Kan extension to SET of its restriction to 
Set. 
One model for Set and SET is to let K be an inaccessible cardinal, Set denote the 
category of sets of cardinality less than K and SET the category of sets of cardinality 
less than or equal to IC. In the language of the accessible categories of Makkai and Pari: 
[6], the result of Aczel and Mendler states that if K is an inaccessible cardinal then 
a k--accessible functor that fixes the subcategory of sets of cardinality less than IC has 
a terminal coalgebra of cardinality at most K. (Note that “accessible” in the sense of 
Makkai and ParC has nothing to do with accessible and inaccessible cardinals.) 
What we show here is that any accessible endofunctor has a terminal coalgebra. We 
also obtain the precise result of Aczel and Mendler [ 1). The proof uses only the special 
adjoint functor theorem (SAFT). Since the SAFT is much less well known ~ although 
more informative - than the general adjoint functor theorem and also since its usual 
statement does not give the information we require in this paper for the actual results 
of Aczel and Mendler, we include a proof. 
1. The main theorems 
For a set A we let IAl denote the cardinality of A. We begin with a preliminary 
result. 
Proposition 1.1. For any category %? and any endofinctor Ton G9, the,forgetjiil finctor 
U : WT+%? creates colimits. 
Proof. The argument is well known, but we sketch it. Given a diagram 9: Y-+9?‘, 
such that UD has a colimit u: UD+C, let $ : C-t TC be the unique arrow such that, for 
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each object I of .a, the square 
61 
UDI -TUDI 
UI 
I ! 
TM, 
C-TC 
J, 
commutes. The existence of $ follows from the unique mapping property of a colimit. 
The maps 6, are the structure maps on the DI. It is now routine to see that the 
structure so defined on C makes it a colimit of D. 0 
In particular, U preserves epis so that if %? has cointersections (the dual of intersec- 
tions) of arbitrary families of quotients, so does +ZT. 
The following theorem is implicit in the work of Makkai and Pare, but a direct 
proof is so easy that we include it. 
Theorem 1.2. If T is an accessible endojiinctor on sets, the underlying functor Set,+Set 
has a right adjoint (and, hence, SetT has a terminal object). 
Proof. According to the special adjoint functor theorem, we must show that the 
category of coalgebras is cocomplete, well-copowered and has a set of generators. The 
cocompleteness and the well-copoweredness follow immediately from the same facts 
for sets according to Proposition 1.1. As for the generators, this follows from the 
weighted bilimit Theorem 51.6 of Makkai and Pare [6]. 0 
In fact, a direct proof of all this is quite easy and we will give it in the next theorem 
because for that theorem we will require an estimate of the terminal object and that 
does not appear in the Makkai and Pare theorem. 
We now prove the result from which the theorem of Aczel and Mendler follows. 
Although their result is (equivalent to one) stated for inaccessible cardinals, the 
argument is, in fact, valid for weakly inaccessible cardinals. A cardinal K is weakly 
inaccessible if it is regular and if, in addition, A< K implies 2’~ ti. (An inaccessible 
would have strict inequality in the conclusion.) 
Proposition 1.3. Let ri>N, be a weakly inaccessible cardinal and T: Set-&et be a K- 
accessible functor. Suppose, in addition, that when 1 A I < K, then I TA ) < K. Then Set= has 
a terminal coalgebra of cardinality no larger than K. 
Proof. We claim that there is a set of generators each of cardinality less than K. In fact, 
let CI : A+ TA be a coalgebra. From the definition of accessible, there is, for each aE A, 
a subset A, E A such that I A, I <K and g(a)E TA,. Let BO be a subset of A of cardinality 
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less than ti. Let B1 =BouUut-a,, A,. Then B,sB,, cc(&)cTB, and lBil<ti. In this 
way, we can build up a countable chain of subsets 
of B of cardinality less than K such that x(B,)sB,+ 1. If we let B = UB,,, it follows that 
r(B) c B. Since each 1 B,, 1-c K, we have I B I < ti, as well. 
Thus, there is a set of generators Gi = ( Ai, Xi) with all /Ail < ti. The cardinality of the 
set of all the Ai is at most K. For each one, there are at most lHom(Ai, TAi)l coalgebra 
structures. Since K is weakly inaccessible, the cardinal of this homset is <K, so that the 
cardinality of this set of generators is at most K. The coalgebra G=xGi, whose 
underlying set is xAi, has cardinality at most K since it is the sum of at most K sets all 
of cardinality <K. Since the underlying functor creates colimits, it also creates 
epimorphisms so that epimorphisms are surjective and a quotient of this coalgebra 
also has size at most ti. We let GO be the colimit (cointersection) of all these quotients. 
Just as the intersection of subobjects of an object is still a subobject, this colimit is also 
an epimorphic image of G and, hence, I G,, I < ti. 
Let C be any coalgebra. The defining property of generators implies that there is 
a surjection 
where each li is a cardinal (not necessarily less than ti) and pi. Gi denotes the sum of 
Ai many copies of G,. We now form the pushout diagram 
C~i.Gi-; 
where f is the morphism that is the identity on each copy of Gi in the sum C1bi’ Gi. It is 
well-known (and easy) that the arrow opposite an epi in a pushout is an epi and so G’ 
is a quotient of G. Since GO is the colimit of all the quotients, it follows that there is an 
arrow G’+Go. This shows that, at least, every coalgebra has an arrow to GO. Now 
suppose that some object has two distinct arrows, say,f; g : C-+Go. The coequalizer of 
these two arrows is an epimorphism h: G, + Gb. Let k: G -++ Go be the arrow in the 
colimit cone. Then h 0 k: G ++ Gb is an epi so that we have 1: Gh+Go such that 
10 h 0 k = k. The diagram is: 
From 10 h 0 k = k and k epi, we conclude that 10 h = id. But then h 0 10 h = h and h is epi, 
so that h 0 I= id and we conclude that h is an isomorphism which contradictsff g. 0 
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2. Limits on countable chains 
In [2], Proposition 7 of 9.4 states (in dual form) the following. 
Theorem 2.1. Suppose that the category %? is cocomplete withfinite limits and that V? has 
and Tpreserves limits along countable chains. Then the underlyingfinctor Wr+%? has an 
adjoint. 
The proof demonstrates that the terminal object of %?)T is the limit of the chain 
1A T& T21- TZf ...t T”/ T”* r”+‘f -T”+llt..., 
where f is the unique arrow Tl+ 1. In the present case of V=Set, the theorem 
applies as soon as T preserves limits along countable chains. Many functors do. 
Let us call a functor w-continuous if it preserves limits along countable chains, 
w-cocontinuous if it preserves colimits along countable chains and w-bicontinuous if it 
does both. 
For the purpose of the next proposition, let us say that a finite equivalence relation 
E on a functor R is a subfunctor of R x R such that on any set X, EX is an equivalence 
relation on RX such that the equivalence class of any element is finite. 
Proposition 2.2. The class of w-bicontinuous jiinctors is stable under the following 
conditions: 
(1) Finite limits. 
(2) Arbitrary sums. 
(3) Quotients modulo jinite equivalence relations. 
Proof. (1) Any limit of w-continuous functors is w-continuous because limits 
commute with each other. It is easy to see that finite products and equalizers both 
commute with colimits along countable chains, so that o-cocontinuous functors are 
stable under finite limits. 
(2) Since colimits commute with each other, o-cocontinuous functors are stable 
under arbitrary colimits, in particular under arbitrary sums. Suppose we have an 
Y-indexed family of limit chains 
Xi1~Xi2+...tXi,~Xi,+1+...tXi 
with gin: Xi~Xi, the maps from the limit. We want to show that 
CXi,t/” C Xi2t”.C Xi.~C Xi,+,+“‘cC Xi 
is also a limit chain. All sums in this argument are taken over the index set I. Suppose 
A is a set and we have a family of functions h,: A+1 Xi, such that 
(*) 
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Each h, decomposes A as C Ai,, where Ai, = hi ‘(Xin). From (*), it follows that 
A. ,n+l sAi,. If the inclusion were proper for any i, we would then have a proper 
inclusion xAi,,~CAi,,+1, which contradicts the fact that both sums are A. Hence, 
Ani is independent of n and we denote it by Ai. Let II,,~: Ai~X,i be the restriction Of hi. 
From (*) it obviously follows that ,f;,, 0 hin+l = hi,. This family gives a unique map 
hi : Ai~Xi such that gin a hi = hi, and then k =C hi : Ai~C Xi is the unique arrow such 
that CginOCki=~kii,=k,. Thus, CXi is the limit of the chain Of ~:X,. 
(3) Again only the continuity is in question. Let us suppose we have a commutative 
diagram 
K x-...-K,-+...-K,-Ko 
II II 
R,- . ..---fR.-...wRI-R. 
I I I I 
T, - . ..- T,-...- i”- To 
in which each of the three lines is a limit sequence and all the columns with finite 
indices are kernel pair/coequalizer sequences. Further suppose that the kernel pairs 
are such that each equivalence class is finite. We want to show that the left-hand 
column is also a coequalizer. 
First we show that Rx + T, is surjective. Let t = (to, tI , . . . )E T,. For each n, let 
A,& R, be the inverse image of t, under the vertical arrow. Since the vertical arrows 
are surjective, A,, #O for all n and the finiteness condition implies it is finite. The 
commutativity of the diagram implies that the horizontal arrow takes A, into A,_ 1. 
Thus, we have a sequence of nonempty finite sets 
. ..+A .+...-+A1+Ao 
whose inverse limit is, therefore, nonempty. Any element Y = (ro, r 1, .) of the inverse 
limit maps to t. Suppose r’= (rb, r;, . . .) is another mapping to t. Then, for each n, we 
have that (r,, r:) is the image of some element k,EK,. Thus, we have a sequence 
k=(ko, kl, . ..>eKx 
whose image in R, x R ?(, is (r,r’). This shows that K,zR,+T, is a co- 
equalizer. 0 
The identity functor is o-bicontinuous and, hence, so are its powers. The symmetric 
nth power is the quotient modulo the action of the symmetric group S, which 
determines a finite equivalence. Constant functors are also bicontinuous; so, the above 
proposition assures that any functor of the form 
TX= 1 (AnxX”+B,xX”)/S, 
n>O 
is o-bicontinuous. 
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Quotients. One thing notably lacking in the stability properties of o-bicontinuous 
functors are quotients in general. It turns out that, if T is a quotient of the o- 
bicontinuous functor R, then we can give a direct description of a terminal T- 
coalgebra in terms of a terminal R-coalgebra. This construction depends heavily on 
the fact that we are in the category of sets, where all epimorphisms split. 
Let rc: R-+T be a surjective natural transformation between endofunctors on Set. 
We make no hypothesis about the nature of R except that it has a terminal coalgebra 
IX: A+RA. We will show that a quotient of A is a terminal T-coalgebra. 
Let A, = A and Q, = CC. Define y0 : A0 +A1 to be the image of ~0 a0 so that we have 
the following commutative square: 
The function cxo is an isomorphism and, hence, so is ~i, although we make no real use 
of this fact. We now define the object A, and functions a,: A,+TA,_l and 
yn I : A,, _ l+A, inductively so that yn _ 1 is the image of Tyn _ 2 0 c(, _ 1. Thus, we have 
the following commutative square: 
Again, it follows from the fact that rn_ 1 is an isomorphism that CI, is. 
Let B = colim A,, with transition functions 6, : A,+B. We have 6,,0 yn- 1 =yn for 
n>O. Define fl:B-+TB so that ~~60=Td0~nAo~ao and /306,,=T6,_~0a, for n>O. 
This is a compatible family of functions for 
~~6~~~o=T60~cc~~~o=T60~~AO~~O=~~80, 
while for n>O, 
B’J&+1 “~n=T6,~cc,+1~l)n=T6n”~n_1”T~n 
=c~~oT(Y~_~ox, )=T6,_1~cc,=/?~6,. 
Note that this construction does not suppose that T preserves the colimit that defines 
/I. If it should preserve that colimit, then one easily infers that /I is an isomorphism 
from the fact that all of the SI,, are. However, as we will see in Example 4.6, (B, 0) is not 
a terminal T-algebra. It is weakly terminal. 
Proposition 2.3. The object (B, /I) is weakly terminal in the category SetT. 
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Proof. Let 4 :X+ TX be a T-algebra and let 8: TX+ RX split nX so that 
5 = nX 0 0 0 5. Then 8 J 5 : X-+ RX is an R-algebra; hence, there is a unique arrow 
,f:X+A such that 
0 ; 
X-RX 
J 
i I 2 
A?RA 
commutes. I claim that the following diagram commutes: 
ARsRA------~ TA 
IrA 
I / 
6” I I Td,, 
B > TB 
B 
In fact, the upper left square is the preceding square, the upper right commutes by the 
naturality of TI and the bottom rectangle commutes from the definition of p 0 &. 
Together with rrX 0 0 04 = 4, this implies that do of: (X, [)-( B, /I?) is a morphism of 
Set, and, hence, that (B, fl) is weakly terminal. 0 
It is now standard that the terminal object in Setr is the coequalizer of all the 
endomorphisms of (B, /I?). Equivalently, it is the cointersection of all its quotients. As 
we will see in an example, this information may suffice to give a good handle on this 
object. 
3. Initial algebras and terminal coalgebra 
For any endofunctor Ton any category %‘, there is a connection between an initial 
T-algebra and a terminal T-coalgebra (assuming both exist). In fact, as is well known 
since [S], if E: TE+E is an initial T-algebra, the structure map E is an isomorphism. 
Dually, for terminal coalgebras. So, if 4: F+TF is the terminal coalgebra, then 
c#- ’ : TF+F is an algebra; so, there is a unique algebra homomorphism f: E+F. 
Dually, E -I is a coalgebra structure and so there is a unique coalgebra homomor- 
phism E+F. This turns out to be the same morphism and is characterized by the 
symmetric equation 4 ofi E = Tf: We will call this morphism the canonical morphism. 
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Freyd [4] has studied categories in which this canonical morphism is always an 
isomorphism. This is not the case in Set. The following theorem shows what is true 
and is almost as surprising. We note that any inverse limit in Set has a natural 
topology as a subobject of a product of discrete sets. In particular, the limit in 
Theorem 2.1 that defines a terminal coalgebra of an o-bicontinuous functor has such 
a topology. 
We begin with a preliminary result. 
Proposition 3.1. Let 
x, ioxx1 
1” 
__f.f.d x, -x,+1-... 
ko 
I I 
k, k. 
I I 
k “+I 
Yo y-- Yl c--..- Y, -Y,+,+... (.+I 
be a diagram in Y in which 
(PI) tn+lOk n+l oj,=k, for all n, 
(P2) k, is injectioe for all n, 
(P3) t,, 0 k, is surjective for all n. 
Then the limit of the lower sequence is the completion of the colimit of the upper in 
a natural metric. 
Proof. Let u,: X,+E be the transition map to the colimit and P,,: F+ Y,, be the 
transition map to the limit. Define a family of functions f,, : X,,-+ Y, by the formulas 
fmn= ~~~j,,~~..~.i, 
I 
if n=m, 
if n>m, 
t ml+1 o . . . o t, o k, if n<m. 
Next we claim thatf,,,+,~j,=f,,,=t,+,~f,+,,. The first equation can be read off 
from one or the other of the following two diagrams: 
1. 
x,-x,+1- 
.i,-, Jm 
...---+x,_l- x, -Xm+l 
km 1 i km+, 
YIFI - Ym+l 
I”,+1 
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The second one is dual to the first and is proved with similar diagrams. 
These compatibilities imply, from the universal mapping properties of colimits and 
limits, that there is a unique functionf: E+F such that P,,, ofi u,=f,,. 
Condition (P2) implies that each composite X, a E --!-+ F is injective and, hence, 
that f: E+F is injective and (P3) implies that each composite E- .f FAY,,is 
surjective. We will use f to suppose that E is a subset of F. 
Define a metric on F by saying that d(y, y’) = 2-” for the largest n, if any, for which 
p”(y)=p,,(y’). Ifthere is no such n, then d(y, y’)=2. We easily see that the topology of 
this metric is the topology induced on the limit by the product topology. Now suppose 
thatx’“‘,x’l’, . . ..x(“) IS a Cauchy sequence in E in the induced metric. By thinning, we 
can suppose that d(x”“, xc”‘) <2mi”cn,m). That is, for all n<m, we have ~,,of(x’“‘) 
=P,,o f (xc”‘)). Thus, if we let y’“‘= P,, 0 f (x,), we have a compatible family of elements 
of fl Y,,. Thus, there is a unique element ~EF, with ~,,(y)=y(“)=p,,(x(“‘)) for all man, 
from which it is immediate that lim x@)-- -y. The uniqueness of y is clear, so that F is 
the Cauchy completion of E. q 
Theorem 3.2. Let T:Set-+Set he nn No-accessihle,functor that is also o-continuous 
(and, hence, o-hicontinuous). Assume that T$#@. Then the terminal T-coalgebra is the 
Cauchy completion of the initial T-algebra. 
Proof. We will first do this under the additional hypothesis that T preserves monies. 
In the following diagram 
@ATO -...+T”(p T”j -Tn+l@+ 
I T”+‘k 
1 t---T1 -...-T”1 T jV”+’ 1 c... f n 
the initial algebra (E, E) is the colimit of the upper row and the terminal coalgebra 
(F, 4) is the limit of the bottom row. We note also that 
(1) toTkoj=k and, hence, T”to T”“k3 T”j=T”k for all n, 
(2) k is the injective and, hence, T”k is injective for all n, 
(3) t 0 Tk is surjective and, hence, T”t c T”+ ‘k is surjective for all n. 
Thus, the preceding proposition applies and we conclude that F is the Cauchy 
completion of E in the metric of the limit. 
Next we claim that the inclusion ,f is the canonical function from the initial algebra 
to the terminal coalgebra. We must show that 4 ofoe= T,f: Since TE is a colimit and 
TF a limit, this is equivalent to Tp, 0 4 cf”l E LJ Tu, = Tpm 0 Tj”o Tu,. But the equations 
we have show, that both sides aref *+ 1 ,,+ 1 and, so, fis the canonical map. 
This finishes the proof under the additional assumption that T functors preserve 
injective functions. An injective with a nonempty domain splits and, hence, is auto- 
matically preserved. If g : @+ A, then Tg is not necessarily injective. However, it turns 
out that we can modify T to produce a functor T* that does preserve injectives, such 
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that T*@ #@ and such that T and T* have the same initial algebra and terminal 
coalgebra. We let do, d : 1: l-+2 be the two arrows and define 
Td” 
T*&Tl- -T2 
Td, 
to be an equalizer. If the set A is nonempty, we let T *A = TA. We have to define T * on 
arrows. On arrows with nonempty domain, we let it be the same as T. On the identity 
of 0, it is, of course, the identity. On the arrow g : @+A, with A ~0, choose an element 
a : 1 + A and let T *g = Tu 0 d. We first show that this is independent of the element a. If 
a’ : 1 ---f A is another element, then there is a unique arrow f: 2-t A such that fo do = a 
and f 0 d 1 = a’. Then Ta 0 d = T( f 0 d,) 0 d = Tf 0 TdO 0 d = Tfi Td 1 0 d, which reduces 
similarly to Ta' od. This shows that T*g does not depend on the choice of element, 
from which it is immediate that, if h : A+B, then Th 0 T *g = T* (h 0 g). Since there are 
nonidentity arrows to 0, this shows that T* is a functor. 
Next we show that T*Q) #0. Since 0- 132 is an equalizer, we have that 
T@+Tl zT2 commutes. But TQ) #8, so that the image of To-T1 is nonempty and 
provides an element in the equalizer. 
Also, since any a : 1 + A is a split manic, the composite T *g = Ta 0 d is manic, and we 
see that T* preserves all monies. 
Since T@#@, the empty set does not allow either a T-algebra or T*-algebra 
structure. Thus, the categories of T-algebras and of T*-algebras are isomorphic and 
have the same initial algebras (although the descriptions of it as a colimit will differ). 
As for coalgebras, the categories are also isomorphic, since the empty set bears 
a unique coalgebra structure (which is initial). In this case, the description of the 
terminal coalgebra is the same for T and T*. 0 
Remark 3.3. The argument used here is very similar to the construction of fixed points 
using embedding projection pairs. (See [2] where they are called retract pairs. Also see 
[S].) Indeed, if TO= 1 (which happens in many interesting cases), there is a single 
sequence made up of embedding projection pairs whose colimit is the initial algebra 
and whose limit is the terminal coalgebra. This observation suggests that embedding 
projection pairs are more than an ad hoc construction for finding fixed points. 
Dependence on the axiom of choice. The above argument depends on the fact that 
functors on sets preserve injectives (with nonempty domain) and surjectives. The 
second depends on the axiom of choice and the first on the somewhat weaker property 
of being boolean. Neither of the assumptions is a good one to make for computer 
science. So, we consider briefly how necessary these assumptions are. 
Interestingly, every &-accessible functor preserves surjections, with no extra hy- 
potheses. For T is ‘&,-accessible if and only if the arrow RX =CnEN Tn x X”-+TX is 
surjective for all X. In fact, this hypothesis is simply the explicit formulation of the 
property that every element of TX comes from Tn-+ TX for some finite cardinal n. But 
in any topos, the functors X”, for finite n and constant multiples thereof, preserves epis 
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and sums of such functors do as well. Thus, if X-Y, we have 
RX-RY 
5 i 
TX-TY 
from which we see that TX+TY is epic as well. 
The question of functors preserving monies seems more difficult. Certainly, every 
polynomial functor does, since in any topos, sums preserve monies. Other functors, 
like the finite subsets functor can be shown directly to preserve monies. It seems likely 
that functors that arise in practice will have the property, but I know of no proof. 
4. Examples 
Example 4.1. Suppose T:Set+Set is the constant functor at some set S. Since the 
terminal coalgebra (A, a) has an isomorphism for structure map, the only possibility 
for the terminal coalgebra (or initial algebra) is, up to isomorphism, the identity 
arrows on A and it is a minute’s work to see that it is. 
Example 4.2. Suppose we let T: Set +Set be any functor for which Tl = 1. Since the 
terminal object is fixed, it is easy to conjecture - and just as easy to prove ~ that the 
terminal object is just 1 with the unique structure map. It is equally easy to show that 
any limit diagram that is preserved by (that is, taken to a limit diagram by) T is created 
by the underlying functor Set,-+Set. 
Example 4.3. The easiest nontrivial example is the functor T:Set+Set defined by 
TX =A + X, with A a fixed set. This is a polynomial functor; so, Proposition 2.2 
applies and we conclude that the terminal object is the limit of the diagram 
l-f”ASl I’ +A+A+lt~~~+-nxA+l -I.(n+l)xA+l..., 
where to is the unique map and t,= T(t,_ I). It turns out that t,: (n+ 1) x 
A + 1 +y1 x A + 1 takes the first n copies of A isomorphically to the n copies of A in the 
codomain, takes the remaining copy to 1 and is the identity on 1. The inverse limit of 
this sequence is N x A + 1. 
A coalgebra c(:X+A+X is made up of two partial functions c(~ : X-tA and 
c(~ : X+X. The terminal map f’: X-N x A + 1 takes an element of X to 1 if it is in 
fin dom( z;). If not, thenS(x)= ( IZ, c~icr$‘(.x)) for the unique n such that xEdom(a;)- 
dom(r,““). 
The initial algebra in this case is N x A embedded in the obvious way. The topology 
is the finite complement topology. 
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Example 4.4. Let T: Set-Set be defined by TX = 1 + A x X for a fixed set A. This is 
again a polynomial functor. So, the terminal object is given by the inverse limit 
with the arrow t,:l+A+~~~+A”+A”+’ -tl +A +...+A” the identity on the first 
n + 1 terms and the projection of A”-tA”+ ’ on the last. An element of the inverse limit 
always begins with a sequence (possibly null) of finite sequences 
This can be extended either by the element (a,, u2, . . . , u,)~A”c T”+ll or by any 
elementoftheform(u,,u2,...,u,,u,+,)~A”f’~T”~’1.Ifthefirstchoiceismade, 
then there is no further choice and this element of the inverse limit is simply equivalent 
to the finite sequence (aI, u2, . . . , a, ) . If the second choice is made, then this process 
continues at least one more step. If it continues to add terms indefinitely, then we build 
an infinite sequence of elements of A. Thus, the terminal coalgebra is equivalent to the 
set of finite and infinite strings of elements of A. This fact was first observed for the 
case A = 1 in [7]. 
The topology on the terminal coalgebra is the one in which an infinite string is 
approximated by its initial segments. The set of finite strings is the initial algebra. 
Example 4.5. Let TX be the functor that assigns to each set S the set of subsets of 
X that have at most n elements. Then TX is a quotient of the functor RX = 1 +X” 
which identifies two n-tuples that include the same set of elements. The number of 
elements that are equivalent to any given n-tuple is evidently at most n!. We let 
KX = 1 + Hom(n, n) x Hom(n, n) x X”. The two functions do, d1 : KX-+RX are 
defined by 
and 
d”(a, r, 01, . . . , x,,))=<xc,1, . . . . x..) 
d’(o, r, <xl, . . . , &))=<x,,,~..,x,“). 
The terminal coalgebra can be written down of course, but it is a little hard to see what 
the inverse limit is. Here is a direct computation of the terminal coalgebra. 
Let A be the set (of isomorphism classes, but we ignore the distinction) of rooted 
trees which are at most n-way branching, including ones of infinite depth. Then there 
is an obvious coalgebra structure on E on A that takes a tree to 1 if the tree is a bare 
root and otherwise takes it to the set of its daughters, which is a finite subset of A. We 
show that A is a weak terminal object. 
Let A, denote the subset of A consisting of the trees of depth limited to m. Although 
A is not the union of the A,,,, there is an obvious truncation function, which we denote 
by a H aim, of A+A, and an obvious topology in which each tree is a limit of its 
truncations. In addition, each element of A can be described by its truncations. Thus, 
given a sequence of trees a,, a,, . . , u,, . . . such that u,lm- 1 = a,_ 1 for each m, there 
is a unique UEA such that ulnt=u,. 
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Now let (B, p) be a T-coalgebra. We will define a morphism g : (B, /?)-+(A, ‘x) by 
defining, for each heB, a sequence go(b), gi(b), . . . of trees such that g,(b) is a tree of 
depth at most m and y*(h) / m - 1 = gm _ 1(b). We begin by defining gO( b) to be a bare 
root. Assume that the functions go, gi, , g,,_ i have been defined (for all coalgebras). 
Suppose that fi(b)={b,, b2, . . . . hk}, kdn are the elements of /I(b), listed without 
repetition. If k=O, then g,,,(h) is defined to be the bare root. Otherwise, we define g,,,(b) 
to be the tree with a root and with the trees g,,_ ,(b,), g,_,(h,), . , g,,-i(bk) attached 
at the root. 
We can now show that g,( h)lm - 1 = g,,_ 1 (b). In fact, if m = 1, this is obvious. If we 
suppose that g,_l(bi)lm_2=g,_,(bi) f or i=l,... , k, then g,(h)lm-1 is simply 
a root with g,~,(h,)~m-2, g,_l(bz)im-2, , gm_l(bk)lm-2 attached. This is 
a root with gm-z(bl), gm-2(b2), . . . , gme2(bk) attached and that is gMpl(b). Thus, we 
define g(b). It is clear from the construction that ~(~g,,,(b)=g~_~ “t(b) and, hence, 
I 0 g(b) = g 0 z(b), so that g is a coalgebra homomorphism and (A, a) is weakly terminal. 
This is not, however, the terminal coalgebra. In fact, u is not an isomorphism, since 
a tree with a root and two identical daughters has the same value under CI as a tree 
with a root and one copy of that daughter. 
Let us say that a binary rooted tree is extensional if no node has two identical 
daughters. It is clear that the set of extensional trees is a subcoalgebra. The image of 
the map g constructed above is not necessarily an extensional tree but, since each tree 
has an extensional quotient, this causes no problem. This is done by first identifying 
any two identical daughters of any node of the tree. The resultant tree may again have 
nodes with identical daughters, so do it again. After a possibly transfinite number of 
steps, the tree will be extensional. This is assured because the quotient lattice is 
complete. 
On the extensional trees, x is an isomorphism. This suggests that the set of 
extensional trees might be the terminal object. This is wrong, since the terminal 
coalgebra cannot have any congruences and we will see that there is a congruence on 
the set of extensional trees. 
Begin by saying of two trees t, t’ that t e t’ (read r is extensionally equivalent to t’) if 
they reduce to the same extensional tree. Let us say of two trees r and t’ that t = t’ (read 
t is similar to t’) if tlnz t’ln for all n. On finite trees this is the z relation, but we will 
see by example that on infinite trees it is coarser. First we describe a pair of 
nonisomorphic extensional trees t and t’ (so that t $ t’). The tree t is simply an infinite 
chain. The tree t’ is constructed as follows. Let ti be the following tree: 
/‘\\ 
l l 
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By a leaf we mean a node with no daughters. Evidently, ti has two leaves. Let tz be 
the tree obtained from ti by replacing each leaf by a copy of ti Then t2 has four leaves. 
Replace each one by a copy of ti to make t3. Continue in this way to build a tree, 
which we denote by t’, of infinite depth and with no leaves. (The tree we construct is 
actually the colimit of the finite approximations, treating trees as posets and, hence, 
categories.) This tree is extensional since at every branch the trees on the two nodes 
are different from each other. In each case, one is an immediate branch and the other is 
not. 
On the other hand, any finite truncation of this tree is similar to a chain. In fact, the 
tree has no leaves so that t’ln, has the property that every leaf is at depth exactly n. 
I claim that a tree with this property is extensionally equivalent to an (n + 1)-element 
chain. In fact, the claim is evident when n = 0. Assume that the claim is true for n - 1. If 
the given tree is not a bare root, then each of the nonempty set of nodes attached to the 
root has the property that all its leaves have depth exactly n- 1 and are, therefore, 
extensionally equivalent to n-element chains. Since all the daughters are extensionally 
equivalent to n-element chains, the original tree is equivalent to an (n+ 1)-element 
chain. Thus, t-t’ but t+t’. 
We can now show that - classes of trees is the terminal coalgebra. In fact, suppose 
that = is a congruence relation on trees. We will show that = is included in -. 
We must show that a-a’ implies that ulmzu’lm for all m. This is immediate for 
m=O. Assume that this has been shown for m- 1 and all pairs a and a’. Since = is 
a congruence, we must have that a(a)=cc(u’). Hence, a(u)=@ if and only if a(~‘)=@ 
and in that case there is nothing to prove. So, let us suppose that ~(a) = {ui, a*, . . . , uk} 
and cc(u’)=(u;,u;, . . . . u;,}. The congruence classes of a,, . . . , uk must coincide with 
those of a;, . . . , a;,. Suppose that a,, u2, . . . . al are a complete set of congruence 
classes in U(U) and similarly for a;, a;, . . . , a; in ~(a’) (the numbers will be the same). 
We can further suppose that they are numbered so that a, = a;, u2 E a;, . . . , al = a;. By 
the inductive hypothesis, we have uilm- 1 zullrn-1 for i=l, 2, . . . . 1. Moreover, 
I <j < k, we have that uj = ui for some 1 < i < I, which implies that ai/ m - 1 z ujl m - 1 
and, similarly, for the daughters of a’. But this means that a Im is extensionally 
equivalent to the tree with al, u2, . . . , al attached to the root and, similarly, u'lm is 
extensionally equivalent to the tree with a;, a;, . . . , a,# attached to a root. Since these 
are equivalent in pairs, it follows that a I m z a' 1 m. 
Thus, - is the top of the congruence lattice and the set of similarity classes is the 
terminal coalgebra. 
Example 4.6. Let P,i”:Set~Set denote the functor that associates with each set the 
set of its finite subsets with direct image on morphisms. A coalgebra consists of a pair 
(A, CI), where A is a set and CI is a function that assigns to each element of A a finite 
subset. The coalgebra exists by Theorem 1.2, but it is not given by the inverse limit 
since this functor is not w-continuous. The reason is that a countable family of subsets 
might have more and more elements and in the limit correspond to an infinite subset 
of its domain. 
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On the other hand, Pun is a quotient of the functor RX =CzEo X” and so Proposi- 
tion 2.3 applies and we get a terminal coalgebra for T as a quotient of a terminal 
coalgebra for R. It is not hard to see that a terminal coalgebra for R is the set of finitely 
branching ordered trees, possibly of infinite depth. 
It is interesting to follow the construction of a weak terminal algebra by the process 
given in the proof of Proposition 2.3. The object A0 is the set of finitely branching 
ordered trees. In A, two such trees are identified if the set of their first level branches 
are the same. So, for example, in the diagram below, the trees (1) and (2) are identified 
in Ai, but they are not identified with (3) because the two branches are distinct. 
(1) (2) (3) 
In A,, the two lower branches of (3) are identified so that now all three become 
equal. In the limit we get the set of extensional finitely branching trees. However, just 
as in the preceding example, this is not the terminal object, although it is weakly 
terminal. The construction of the preceding example works without significant 
change. As before, we let t--t’ if, for all n, we have that tjn and t’ln have the same 
extensional reduction. Then ( T, T)/ - is the terminal coalgebra. The argument is quite 
similar to the previous one. The details are left to the reader. 
This is a good example because it illustrates what goes wrong with quotients of 
o-bicontinuous functors. The functor R is w-bicontinuous. So, its terminal coalgebra 
is given by the limit of the diagram 
ltRl +...+R”l+... 
It is not hard to see that one can interpret R”1 as the set of rooted trees of depth at 
most n. But the trees are nonextensional. The morphism from R”1 to R”-‘1 is 
truncation to one depth lower. This leaves the width unchanged. That is, if a tree has 
depth n and it has a particular k-way branch at some depth It < n then the image of 
that node under the truncation will still be k-way branching. When the extensional 
identity is imposed, a k-way branch can have some heretofore distinct branches 
identified when it is truncated. 
The result is that in the inverse limit a particular branch can increase the nodes of 
nodes as you move out in the sequence and the limit tree can have a node with an 
infinite-way branch. This inverse limit is apparently not a coalgebra and certainly not 
a terminal coalgebra. The way to find the terminal coalgebra is as we have done here: 
first find the terminal R-coalgebra and then form the quotient. 
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